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0. Introduction
A group Gwith a lattice structure is said to be an l-group if the left and right translations are lattice automorphisms. An l-
group G is called archimedean if it has no non-trivial bounded subgroups. (For further definitions, see Section 1.) Conrad [13]
has shown that the essential closure of an archimedean l-group G is of the form ((Gd)∧)L, i.e. the lateral completion of (Gd)∧,
which denotes the Dedekind–MacNeille completion of the divisible hull Gd of G. Before this nice result appeared, Bernau
[5] obtained the essential closure ((Gd)∧)L of G quite explicitly as the l-group D(X) of almost-finite continuous functions
X → R ∪ {±∞} on an extremely disconnected space, namely, the Stone space X of the algebra P (G) of polars of G.
Among the three types of completion involved in the essential closure of G, the lateral completion is themost mysterious
one. Recall that lateral completeness means existence of arbitrary joins of pairwise orthogonal positive elements. Bernau [6,
7] has shown the existence and uniqueness of the lateral completion for arbitrary l-groups. Even in special cases, the proof
is still complicated [3,12,15,23].
In this article, we show that the lateral completion of an archimedean l-group can be described in a conceptually simple
way in terms of its structure sheaf [22]. Namely, if G˜ denotes the structure sheaf of an abelian l-group G, we define E(G) to
be the direct limit
E(G) := lim−→Γ (U, G˜),
where U runs through the dense open subsets of Spec∗G, the quasi-compact spectrum of G (see Section 1). We show first
that E(G) is always laterally complete, with G as a dense l-subgroup. Note that this does not exclude the possibility that GL
is strictly smaller than E(G). (For an l-subgroup G of a non-abelian laterally complete l-group H , it is even possible that GL
cannot be realized inside H (see [2], Example E.45).) Our main result states that E(G) is the orthocompletion of G. If G is
archimedean, this implies that E(G) coincides with the lateral completion of G.
If G has a weak unit, i.e. there is a dense quasi-compact open subset U of Spec∗G, we show that the closed points of U
form a compact space X such that G admits a natural embedding G ↪→ E(X) as a large l-subgroup. Here E(X) denotes the
direct limit
E(X) := lim−→ C(U)
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of the spaces C(U) of continuous real functions on dense open subsets U of Spec∗G. As an immediate application, this leads
to a simple proof of Bernau’s embedding theorem. Passing to the projective cover X˜ of X in the category of compact spaces,
we get an essential embedding
G ↪→ E(G) ↪→ E(X) ↪→ E (˜X)
with X˜ isomorphic to the Stone space of P (G).
1. The structure sheaf of an abelian l-group
For the reader’s convenience, we collect some basic notations and terminology used in this paper. Details can be found
in standard texts on l-groups like [9,2,14,17].
An l-group is defined to be a group G with a lattice ordering such that the left and right translations are lattice
automorphisms. Since we only consider abelian l-groups G, we use additive notation for the operation of G. An l-group
is said to be archimedean if it admits no non-trivial bounded subgroups. It is well known [5] that archimedean l-groups are
abelian.
Let G be an abelian l-group. Every element a ∈ G can be written in the form a = a+ − a−, where a+ := a ∨ 0 and
a− := (−a)∨ 0 belong to G+ := {c ∈ G | c > 0}. The sum |a| := a++ a− is called the absolute value of a. By C(G)we denote
the lattice of l-ideals of G, i.e. l-subgroups A which satisfy the implication |a| 6 b ∈ A⇒ a ∈ A. The l-ideal generated by an
element a ∈ Gwill be denoted by G(a). An element u ∈ G+ with G(u) = G is called a strong unit of G. Two elements a, b ∈ G
are said to be orthogonal if |a| ∧ |b| = 0. For a subset A of G, the set A⊥ of elements orthogonal to each a ∈ A belongs to C(G)
and is called the polar of A. The set of polar l-ideals, i.e. l-ideals of the form A⊥, is denoted by P (G). The l-ideals a⊥ := {a}⊥
with a ∈ A are also called principal polars.
Abelian l-groups form a category Abl, with l-homomorphisms (i.e. group homomorphisms which are also lattice
homomorphisms) as morphisms. Like in module theory, there is a concept of large l-subgroup H of an abelian l-group G,
which means that there is no non-zero l-ideal A of Gwith H ∩ A = 0. Alternatively, G is said to be an essential extension of H
when H is large in G. For H ∈ C(G), this simply means that H⊥ = 0 in G. An l-subgroup H is said to be dense in G if for each
a > 0 in G, there is some b ∈ H with 0 < b 6 a. Every dense l-subgroup of G is large in G.
An l-idealM of G is said to bemaximal if there are exactly two l-ideals AwithM ⊂ A ⊂ G. The set of maximalM ∈ C(G)
will be denoted byMaxG. For any a 6= 0, an l-ideal P which is maximal with respect to a 6∈ P is called a value of a. We denote
the set of values of a by val(a). Thus a value of a strong unit is just a maximal l-ideal. Every value P ∈ val(a) is prime, i.e. it
satisfies the implication
A ∩ B ⊂ P ⇒ A ⊂ P or B ⊂ P (1)
for all A, B ∈ C(G). Note that we do not exclude the improper prime P = G. Accordingly, we call the set Spec∗G of all prime
l-ideals the spectrum of G. It can be endowed with a natural topology (see [22]). For a subset A ⊂ G, define
S(A) := {P ∈ Spec∗G | A 6⊂ P}, (2)
and S(a) := S({a}) for elements a ∈ G. Then the open sets of Spec∗G are the S(A), together with Spec∗G which cannot
be written in that form. With this topology, the spectrum Spec∗G is a quasi-compact space. For any A ⊂ Spec∗G, the
intersection of all prime l-ideals containing A is just the l-ideal generated by A. Therefore, the map S in (2) gives a one-
to-one correspondence between the elements of C(G) and the proper open subsets of Spec∗G. Note that an open subset
U ⊂ Spec∗G is proper if and only if G 6∈ U .
Remark. The importance of the lattice C(G) was first recognized by Paul Conrad [10,11]. Apparently, it has become so
prevalent that it determined his successors to remove1 the infinite prime G from the spectrum Spec∗G, so that SpecG :=
Spec∗G r {G} fails to be quasi-compact, in general. However, by the Jaffard–Ohm correspondence (see [2], Chap. 11), an
abelian l-group G can be related to a Bézout domain R, and from the first theorem of [1], it follows that Spec∗G can be
identified with Spec R as a set. Furthermore, it can be shown [25] that the topologies of Spec R and Spec∗G are dual in the
sense of Hochster (see [20], Proposition 8). In particular, this implies that Spec∗G itself is a spectral space. By Hochster’s
duality, the improper prime G of Spec∗G corresponds to the infinite prime 0 of Spec R. In view of this analogy, which could
be pursued further, there is good reason to stick to the quasi-compact spectrum Spec∗G and refrain from discarding its
infinite prime for whatever practical reason. The following proposition, which does not hold for SpecG instead of Spec∗G,
can be regarded as a proof of our claim that the infinite prime G belongs to the spectrum.
Proposition 1. Spec∗ is a contravariant functor from Abl to the category Top of topological spaces with continuous maps as
morphisms.
1 Some authors (e.g., [9,14]) do not exclude G in their definition of a prime P , but later on, they tacitly assume that P has to be proper.
138 W. Rump, Y.C. Yang / Journal of Pure and Applied Algebra 213 (2009) 136–143
Proof. For an l-homomorphism f : G → H , define Spec∗(f ) : Spec∗H → Spec∗G by Spec∗(f )(P) := f −1(P). Since prime l-
ideals P are characterized by the property that a∧b = 0 implies a ∈ P or b ∈ P ([9], Théorème 2.4.1), it follows that Spec∗(f )
is well defined. For an open set S(A) in Spec∗G, we have Spec∗(f )−1(S(A)) = S(f (A)), whence Spec∗(f ) is continuous. The
rest is obvious. 
For an open set U ⊂ Spec∗G, let us consider the abelian l-group
GG(U) := G/
⋂
U . (3)
If V is another open set in Spec∗G, then U ⊃ V implies that⋂U ⊂⋂ V . Hence there is a natural epimorphism
G/
⋂
U → G/
⋂
V (4)
of abelian l-groups. This shows that GG is a presheaf of abelian l-groups. The associated sheaf will be denoted by G˜. We call
it the structure sheaf of G. For proper open sets U = S(A), we have the formula (cf. [9], Proposition 3.4.1)⋂
S(A) = A⊥. (5)
Thus GG(U) = G/A⊥ in this case, while GG(Spec∗G) ∼= G. For P ∈ Spec∗G, we define the germinal ideal o(P) to be the
intersection of the minimal prime l-ideals contained in P . By [9], Proposition 10.5.3, we have
o(P) =
⋃
a6∈P
a⊥, (6)
which also holds for P = G. Consequently, the stalks of G˜ are given by
G˜(P) = G/o(P). (7)
Therefore, the restriction of G˜ to SpecG coincides with Keimel’s sheaf of germs [22,9] of G.
By Eq. (3), the l-groups GG(U) can be regarded as subdirect products of linearly ordered l-groups G/P with P ∈ U .
Therefore, the sections s ∈ Γ (U, G˜) on an open set U ⊂ Spec∗G can be regarded as functions with values in G/P for all
P ∈ U . Precisely, let the restriction of s to an open set V ⊂ U be given by the residue class f +⋂ V ∈ GG(V ). Then we define
s(P) := f + P ∈ G/P (8)
for any P ∈ V . For s, t ∈ Γ (U, G˜), this implies that
s 6 t ⇔ ∀P ∈ U : s(P) 6 t(P). (9)
The exceptional rôle of the infinite prime G ∈ Spec∗G is due to the fact that it is ‘‘anti-generic’’ in the sense that it belongs
to the closure of every P ∈ Spec∗G. Therefore, the natural l-homomorphism
G→ Γ (Spec∗G, G˜) (10)
is an isomorphism. As is well known, (10) is no longer an isomorphism for the restricted spectrum SpecG, unless G has a
strong unit. But here is the crux with the infinite prime: To know G in a neighbourhood of that point of Spec∗G amounts to
a knowledge of G everywhere in Spec∗G.
The special character of G ∈ Spec∗G is also apparent from the following propositions. The first one is an immediate
consequence of [22], Proposition 1.21.
Proposition 2. Let G be an abelian l-group. An open subset U of Spec∗G is quasi-compact if and only if either U = Spec∗G or
U = S(a) for some a ∈ G.
Recall that an open set U of a topological space X is said to be regularly open if U is the pseudo-complement X r V of an
open set V ⊂ X , i.e. the maximal open set disjoint to V . Equivalently, U coincides with the interior intU of its closure. By
Glivenko’s theorem (see [16], Theorem2), the regular open sets in X form a complete Boolean algebra.We denote it byB(X).
Proposition 3. Let G be an abelian l-group. The lattice isomorphism A 7→ S(A) between C(G) and the set of open sets in SpecG
maps P (G) ontoB(SpecG).
Proof. From Eq. (5), we infer that
S(A⊥) = SpecG r S(A) (11)
holds for all A ∈ C(G). This shows that S respects pseudo-complements. 
Note that Proposition 3 induces an isomorphism of complete Boolean algebras
P (G) ∼= B(SpecG). (12)
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Proposition 4. Let G be an abelian l-group, and let U, V ⊂ Spec∗G be open sets with U ⊂ V ⊂ U. Then the restriction
Γ (V , G˜)→ Γ (U, G˜) is injective.
Proof. Let s ∈ Γ (V , G˜) be a section with s|U = 0. Suppose that there is a point P ∈ V r U with s(P) 6= 0. Choose an open
neighbourhoodW ⊂ V of P where s is represented by a residue class t +⋂W ∈ GG(W ). Then t 6∈ P , and thus s(Q ) 6= 0 for
all Q ∈ W ∩ S(t). Since P ∈ W ∩ S(t) ⊂ U , this implies thatW ∩ S(t) ∩ U 6= ∅, a contradiction. 
2. Laterally complete abelian l-groups
An l-group G is said to be laterally complete if each set S ⊂ G+ of pairwise orthogonal elements admits a supremum∨
S ∈ G. If every element a ∈ G satisfies G = a⊥ ⊕ a⊥⊥, then G is said to be projectable [8]. Furthermore, G is called
orthocomplete if it is projectable and laterally complete. An l-group GL having G as an l-subgroup is said to be a lateral
completion of G if the following conditions are satisfied:
(1) GL is laterally complete;
(2) G is dense in GL (see Section 1);
(3) There is no laterally complete l-subgroup H of GL with G ⊂ H ( GL.
The existence and uniqueness of a lateral completion GL was proved by Conrad [12] (for representable l-groups) and Bernau
[6,7] (for arbitrary l-groups).
Similarly, an orthocompletion (see [8]) of an abelian l-group G is defined to be an orthocomplete abelian l-group G having
G as a dense l-subgroup such that G has no proper orthocomplete l-subgroup H ⊃ G. Ball [4] generalized G to arbitrary
l-groups G and proved its existence and uniqueness up to l-isomorphism.
In this section, we show that G can be obtained in a simple way by means of the structure sheaf G˜ in case of an abelian l-
group G. As the intersection of two dense open subsets of a topological space is again dense, the dense open setsU ⊂ Spec∗G
form a lower directed system which yields an abelian l-group
E(G) := lim−→Γ (U, G˜). (13)
By Proposition 4, it follows that for any s ∈ E(G), there is a largest (dense) open set def(s) ⊂ Spec∗Gwhere s is defined. The
support
supp(s) := {P ∈ def(s) | s(P) 6= 0} (14)
of s is then open, too (cf. proof of Proposition 4).
Lemma 1. Two elements s, t ∈ E(G) are orthogonal if and only if supp(s) ∩ supp(t) = ∅.
Proof. From (8) and (9), it follows that s and t are orthogonal if and only if |s(P)| ∧ |t(P)| = 0 for all P ∈ def(s) ∩ def(t).
Since G/P is linearly ordered, this means that s(P) = 0 or t(P) = 0 for all such P . 
Now we are ready to prove:
Theorem 1. Let G be an abelian l-group. There is a natural embedding into the abelian l-group E(G), and E(G) is an
orthocompletion of G.
Proof. There is a natural l-homomorphism
ε : G→ E(G) (15)
which maps g ∈ G to the corresponding global section. Assume that ε(g) = 0. Then g|U = 0 for some dense open set
U ⊂ Spec∗G. If U 6= Spec∗G, there is a non-zero l-ideal A ∈ C(G)with U = S(A) and A⊥ = 0. Hence g ∈ ⋂ S(A) = A⊥ = 0.
This shows that ε is an embedding of l-groups. To show that ε is dense, let s ∈ E(G) with s > 0 be given. Then there is
some S(a) ⊂ def(s) such that s|S(a) can be represented by a non-zero residue class f + a⊥ ∈ GG(S(a)) with f ∈ G+, i. e.
g := f ∧ |a| > 0. Hence supp(g) ⊂ S(a), and thus 0 < g 6 s.
Next let E ⊂ E(G)+ be a set of pairwise orthogonal elements in E(G). By Lemma 1, the supports of the e ∈ E are pairwise
disjoint. We set U :=⋃e∈E supp(e) and V := Spec∗Gr U . Then U ∪ V is open and dense in Spec∗G, and there is an element
s ∈ E(G)with s|supp(e) = e for all e ∈ E, and s|V = 0. So we have∨ E = s in E(G). This shows that E(G) is laterally complete.
By Lemma 1, E(G) is projectable.
It remains to prove that the embedding G ↪→ E(G) is minimal. Thus let H be an orthocomplete l-subgroup of E(G) such
that G ⊂ H . We have to show that H = E(G). Let s ∈ E(G)+ be given. Assume that s is defined on the dense open set
U ⊂ Spec∗G. By Zorn’s lemma, there is a maximal set A ⊂ G+ of pairwise orthogonal elements such that for every a ∈ A,
we have S(a) ⊂ U , and s|S(a) can be represented by some fa ∈ G+. Since H is projectable, we have H = a⊥ ⊕ a⊥⊥ for all
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a ∈ A (orthogonals taken in H). Therefore, as every h ∈ a⊥ satisfies h|S(a) = 0, we find elements ha ∈ a⊥⊥ ⊂ H which satisfy
ha|S(a) = fa|S(a) for all a ∈ A. Furthermore, ha, a ∈ A, are pairwise orthogonal, and the maximality of A implies that⋃
a∈A
S(a) = Spec∗G.
Hence s =∨a∈A ha ∈ H since H is laterally complete. 
In Section 5, we will need the fact that a laterally complete abelian l-group G admits a weak unit, i.e. an element e ∈ G+
with e⊥ = 0, or equivalently, S(e) = Spec∗G if G 6= 0.
Lemma 2. Let G be a laterally complete abelian l-group. Then G has a weak unit.
Proof. By Zorn’s lemma, there is a maximal set E ⊂ G+ of pairwise orthogonal elements. Hence e := ∨ E exists, and
e⊥ ⊂ E⊥ = 0. 
3. Function spaces
For a (Hausdorff) compact space X , let C(X) denote the abelian l-group of continuous real functions on X . More generally,
consider the abelian l-group (cf. [9], Chapitre 13)
E(X) := lim−→ C(U), (16)
where U runs through the dense open subsets of X . If X is extremally disconnected, i.e. U is open for every open subset U ⊂ X ,
then E(X) can be identified with D(X) (see [9], Théorème 13.1.7), while in general, D(X) need not be an l-group. Note that
X is extremally disconnected if and only if the Boolean algebraB(X) is complete. Furthermore, an extremally disconnected
compact space is totally disconnected, hence a Stone space [21].
By Stone’s representation theorem, there is a duality between the category of Stone spaces and the category of Boolean
algebras, which associates the Boolean algebra co(X) of compact open subsets of X to each Stone space X . In case that X is
extremally disconnected, we have co(X) = B(X).
Proposition 5. Let X be a compact space. ThenB(X) ∼= P (E(X)).
Proof. For any f ∈ E(X), defined on a dense open set U ⊂ X , let s(f ) := {x ∈ U | f (x) 6= 0} be its support. Then |f |∧ |g| = 0
holds in E(X) if and only if s(f ) ∩ s(g) = ∅. Hence f ⊥ = {g ∈ E(X) | s(g) ⊂ X r s(f )}. Since s(f ) is open, each polar
A ∈ P (E(X)) is of the form
A = {g ∈ E(X) | s(g) ⊂ U}
with U ⊂ X open and U = intU . Conversely, every such A belongs to P (E(X)) since X is completely regular. Thus U 7→ A
defines the required isomorphismB(X) ∼−→P (E(X)). 
Now let X˜ be the Stone space associated toB(X). Thus X˜ is extremally disconnected. Every α ∈ X˜ is an ultrafilter ofB(X).
Since X is compact, the filter of X generated by α has a unique cluster point p(α). So we have a continuous surjection
p : X˜ → X (17)
known as the Gleason cover [18,24] of X . Gleason [18] has shown that p is a projective cover in the category of compact
spaces with continuous maps. Since co(˜X) = B(X) is complete, the space X˜ is extremally disconnected.
Proposition 6. Let X be a compact space. Then the map (17) induces an embedding p∗ : E(X) ↪→ E (˜X) of E(X) as a large
l-subgroup of E (˜X).
Proof. By [24], Corollary of Proposition 9, the map (17) is skeletal, i.e. p−1 carries dense open sets of X into dense open
sets of X˜ , and there is a natural lattice isomorphism B(X) ∼= B(˜X). Hence p induces an embedding p∗ : E(X) ↪→ E (˜X) of
archimedean l-groups, and Proposition 5 yields a natural isomorphism P (E(X)) ∼= P (E (˜X)). Now the assertion follows
by [9], Théorème 11.1.15. 
The following lemma is well known (see [9], 10.2.5).
Lemma 3. Let G be an abelian l-group. For every a ∈ G+, the subspace val(a) ⊂ Spec∗G of values of a is compact.
Example. In general, the embedding E(X) ↪→ E (˜X) of Proposition 6 is proper. For example, let X be the closed unit interval
[0, 1] inR. By [9], Théorème 13.1.7, the abelian l-group E (˜X) is complete. We show that E(X) is not complete. For any n ∈ N,
consider the function fn ∈ E(X) with fn(x + k · 2−n) = 1 − 2nx for k ∈ {0, . . . , 2n − 1} and 0 < x < 2−n. Suppose that
f =∨n∈N fn exists in E(X). Then there is at least one z ∈ X of the form z = k·2−mwithm ∈ N and k ∈ {1, . . . , 2m−1}where
f is defined and continuous. We can assume that k is odd. Then limx→z+ f (x) = 1. On the other hand, limx→z− fn(x) = 0
holds for n > m. Therefore, limx→z− f (x) < 1. So f is not continuous at z, contrary to our assumption.
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4. The Archimedean property
Archimedean l-groups admit a simple characterization in terms of their spectrum. First, we have the well known lemma
given below.
Lemma 4. An abelian l-group G with a strong unit u is archimedean if and only if
⋂
MaxG = 0.
Proof. Assume that
⋂
MaxG = 0. Then we have a natural embedding
G ↪→
∏
M∈MaxG
G/M,
where each G/M is linearly ordered and archimedean. By Hölder’s theorem, this means that the G/M are additive subgroups
ofR. HenceG is archimedean. Conversely, letG be archimedean. Then [9], 11.1.4, yields
⋂
MaxG =⋂ val(u) = u⊥ = 0. 
Proposition 7. For an abelian l-group G, the following are equivalent.
(a) G is archimedean.
(b) For each quasi-compact open set U ⊂ SpecG, the points which are closed in U form a dense subset of U.
Proof. G is archimedean if and only if G(a) is so for all a ∈ G. Since G(a) has a strong unit, Lemma 4 implies that G(a) is
archimedean if and only if
⋂
MaxG(a) = 0. Now every quasi-compact open set U ⊂ SpecG is of the form U = S(a), and
the P ∈ S(a) which are closed in S(a) are exactly the values of a. Therefore, condition (b) states that the intersection of the
values of a is contained in
⋂
S(a) = a⊥. Since every value of a intersects G(a) in a maximal ideal of G(a), and each maximal
ideal of G(a) is obtained in this way, condition (b) reduces to
⋂
MaxG(a) = 0 for all a ∈ G. 
Proposition 8. If G is an archimedean l-group, then E(G) is archimedean.
Proof. Let s, t ∈ E(G) be given, and ns 6 t for all n ∈ N. Suppose that s 6 0. Then we find some S(a) ⊂ def(s) ∩ def(t)
where s, t are represented by f , g ∈ G such that f 6 0 on S(a), i.e. (f ∨ 0) ∧ |a| > 0. Hence (f ∧ |a|) ∨ (0 ∧ |a|) > 0, i.e.
f ∧ |a| 6 0. If G is archimedean, this implies that n(f ∧ |a|) 6 g for some n ∈ N. Thus ns∧ n|a| = n(s∧ |a|) 6 t , contrary to
the assumption. Hence s 6 0. 
Bernau [8] has shown that for an archimedean l-group G, the lateral completion coincides with its orthocompletion.
Therefore, Theorem 1 specializes to the following.
Theorem 2. Let G be an archimedean l-group. Then E(G) is its lateral completion.
For an abelian l-group G, the lateral completion need not be projectable (see [2], Example E35), i.e. E(G)may differ from GL.
Note that the construction of E(G) is quite similar to that of the field of rational functions on an algebraic variety [19].
The next proposition can be obtained as a special case of [9], 13.2.3ff. The presence of a weak unit allows us to give a
short proof.
Proposition 9. Let G be an archimedean l-group with a weak unit e > 0, and let X := val(e) be the associated compact space.
Then G admits an embedding
ε : G ↪→ E(X) (18)
as a large l-subgroup. If e is a strong unit, then ε(G) ⊂ C(X).
Proof. For f ∈ G, consider the set
def(f ) := {P ∈ X | f ∈ Pc} (19)
where Pc = P + G(e) is the minimal l-ideal ) P . By Hölder’s theorem, there is a unique embedding of l-groups
εP : Pc/P ↪→ R (20)
with εP(e+ P) = 1. In particular, P ∈ def(f ) implies that f + P < ne+ P holds for some n ∈ Z, i.e. (ne− f )+ 6∈ P . Therefore,
def(f ) =
⋃
n∈Z
S
(
(ne− f )+) ∩ X,
which shows that def(f ) is open. Furthermore, P ∈ def(f ) is equivalent to |f | ∨ e ∈ P + G(e), which gives
def(f ) = val(|f | ∨ e) ∩ X . (21)
By Proposition 7, this implies that def(f ) is dense in X . Now we define a function ε(f ) : def(f )→ R by
ε(f )(P) := εP(f + P). (22)
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As we have seen above,
ε(f )(P) < n ⇔ P ∈ S ((ne− f )+) .
Since εP(f + P) < nm can be expressed by εP(mf + P) < n ifm > 0, we get
ε(f )(P) <
n
m
⇐⇒ P ∈ S ((ne−mf )+)
ε(f )(P) >
n
m
⇐⇒ P ∈ S ((mf − ne)+) .
This shows that ε(f ) ∈ C(def(f )) ⊂ E(X). The injectivity of ε follows since⋂ def(f ) = 0. Moreover, the definition of ε
shows that ε is an l-homomorphism. If e is a strong unit, then G(e) = G, and thus def(f ) = X for all f ∈ G.
So it remains to be shown that ε(G) is large in E(X). By [9], Théorème 11.1.15, it suffices to show that every non-zero polar
of E(X) intersects ε(G) non-trivially. We apply Proposition 5. Thus let U ∈ B(X) be non-empty. Then we find an element
a > 0 in Gwith S(a) ∩ X ⊂ U . Therefore, ε(a) has its support in U . This proves that ε(G) is large in E(X). 
5. An application: Bernau’s theorem
Themain structure theorem for archimedean l-groupsG is Bernau’s description [5] of the essential closure ofG in terms of
almost-finite-continuous functions. Using Theorem1and Proposition 9,we are able to give an elegant proof of this important
representation theorem.
As an immediate consequence of Theorem 1 and Propositions 8 and 9, we get the following partial version of Bernau’s
theorem [5].
Proposition 10. Every archimedean l-group G is a large l-subgroup of E(X) for some compact space X.
Explicitly, our embedding ε is obtained in two steps
ε : G ↪→ E(G) ↪→ E(X), (23)
where X = val(e) for some weak unit e of E(G). In Bernau’s theorem, the compact space X is a particular one. Namely, it is
the Stone space of the complete Boolean algebra P (G) of polars of G. Hence it is extremally disconnected. So it remains to
clarify the rôle of X for a given G and its relationship to the Stone space SpecP (G) of P (G).
Recall that the Boolean algebra of polars is invariant under large extensions (see [2], Theorem 8.1.1).
Lemma 5. Let G be an abelian l-group, and let H be a large l-subgroup of G. Then themap P 7→ P∩H defines a lattice isomorphism
P (G) ∼−→P (H).
Corollary (Bernau [5]). Every archimedean l-group G is isomorphic to a large l-subgroup of E(SpecP (G)).
Proof. By Proposition 10, G is large in E(X) for some compact space X , and Proposition 6 implies that E(X) is large in E (˜X),
where X˜ = SpecB(X). Now Proposition 5 and Lemma 5 yieldB(X) ∼= P (E(X)) ∼= P (G). 
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